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Abstract—This study explores the effects of incorporating col-
ored noises into stochastic financial models, replacing traditional
Brownian motion, to analyze how they influence change-point
detection. Our focus lies in understanding how correlated noises
alter volatility patterns in time series data and impact critical
transition points within both synthetic model and actual financial
models. For the latter, we employ the Vasicek model, commonly
used to model interest rate dynamics, as a core component of
our investigation.

The paper offers a background on the dynamics of complex
systems, specifically in financial and economic contexts, where
multiple stable states and sudden transitions are prevalent.
In this paper, we dissect interest rate models, scrutinize their
market influence, and illuminate how they respond to underlying
economic fluctuations. We survey relevant literature and examine
the Vasicek model’s capabilities in financial modeling, including
its potential for identifying critical shifts.

Our analysis centers on replacing Brownian motion with
colored noises such as pink and red. The Euler-Maruyama
method aids in obtaining numerical solutions for the modified
model. We further address the processes of parameter estimation,
integration step calibration, and change-point identification using
the efficient Pruned Exact Linear Time (PELT) algorithm.

Crucially, we investigate the ability of both deep learning and
conventional machine learning models to recognize transitions
between stable states induced by fluctuations within the data.

Index Terms—change-points, correlated noise, Vasicek model,
colored noise, PELT, bifurcation, structural break, interest rate

I. INTRODUCTION

CCOMPLEX systems, including financial and economic
markets, are prone to sudden and dramatic shifts often

termed change points, crises, or black swan events. These
unpredictable transitions between stable states have immense
consequences, making the study of change-point detection
crucial for understanding market dynamics. Researchers have
extensively investigated this area, as evidenced by works such
as [1]–[4].

Traditional interest rate models based on Wiener processes
(e.g., the Vasicek and CIR models) are designed for periods of
stability and small fluctuations [5]. However, in the real world,
volatile conditions are common. One potential solution is to
incorporate jump processes (like Poisson processes) into the
models [6]. In this study, we propose a novel approach: re-
placing the Wiener process with a different stochastic element
– colored noise. Our central question is whether this modifi-
cation improves model performance, particularly in accurately

identifying structural breakpoints (change points) using neural
network techniques.

We will center our investigation on the Vasicek model, a
cornerstone of financial and economic analysis specifically
designed to model interest rate fluctuations. The Vasicek model
has been widely studied by researchers [7]–[9], leading to a
deep understanding of its behavior, including its potential use
in detecting change points.

The core innovation of our study lies in replacing the
standard Brownian motion component within the Vasicek
model with colored noise. Unlike Brownian motion, which
exhibits random, uncorrelated movements, colored noise dis-
plays distinct patterns of correlation and dependency [10]–
[12]. Our central question is this: How does the introduction
of colored noise alter the identification of change points
(significant shifts) within the model’s dynamics, and how
does this modification ultimately impact its ability to estimate
interest rate behavior?

Our specific objective is to detect change points within
the Vasicek model under different colored noise scenarios. To
achieve this, we will employ a two-pronged approach. Firstly,
we will implement the Long Short-Term Memory (LSTM)
neural network, known for its ability to handle time-series
data. Secondly, we will utilize the CatBoost gradient descent-
based machine learning model. By comparing the results from
both LSTM and CatBoost, we aim to gain a comprehensive
understanding of their relative strengths in identifying change
points under these novel conditions. Finally, we will summa-
rize the findings and draw conclusions based on the results
obtained.

The structure of the remainder of this paper is as follows.
Section 2 discusses the interest rate models and anomalies
which they face.Section 3 provides review of known method-
ologies and concept of time series analysis and analysis of
interest rate structures. Section 4 introduces the concept of
colored noise, its effect, and the process of generation. Section
4 also introduces the concept of change-point and methods
for their detection. Section 5 discuss the whole pipeline of
the model, processes of the model’s parameters calibration
and integration of colored noise. The time step adjusting
process is also covered in this section. Section 6 presents the
results of both the neural network model (LSTM) and the
machine learning model (CatBoost), trained to detect change
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points. Finally, in Section 7, the work will be summarized, the
contribution assessed, and possibilities for further research are
discussed.

II. INTEREST RATE MODELS

A. Vasicek model

When modeling the structure of interest rates, there is a
range of available rates represented by the yield curve. There
are four interest rate processes: normal, flat, inverted and
humped.

Fig. 1. Yield curves

The Vasicek model is a type of Ornstein–Uhlenbeck
stochastic process [13] used for modeling the yield curve. The
model characterizes the process of reverting to the long-term
mean, where the speed of reversion increases as the value
deviates from it.

dr(t) = k (θ − rt) dt+ σW (t), (1)

where the reversion speed to the mean is k, the long-term
mean level is θ, σ is the diffusion coefficient, and W (t) is the
Wiener process.

The process r has a stable normal distribution with a mean
of θ and a variance of σ2/2k. This allows for the possibility
of obtaining negative interest rates with a positive probability,
which was unexpected before the widespread surge in liquidity
and credit instruments provided by central banks after the 2008
crisis. [14]

Detecting anomalies in interest rate models is crucial as they
can predict economic changes and risks, influence investment
decisions, derivative pricing, and risk management. In this
work, we base our analysis on the Vasicek model and subject
it to the influence of correlated (colored) noises to examine
how their impact aids in identifying the bifurcation point or
the point of state change (anomalies).

B. Interest Rate Anomalies

In this study, mathematically, we define anomalies as events
occurring at time T, where a sharp and significant deviation
in the interest rate is observed.

As asserted by [15], the specificity of random jumps in
interest rate models may seem contradictory, given that many

events presumed to cause jumps occur at regular intervals.
The Federal Open Market Committee (FOMC) holds meetings
every six weeks, and federal agencies release macroeconomic
data with monthly or quarterly frequency.

Studies such as [16], [17] consider 25 and 26 monthly an-
nouncements, respectively. One can hypothesize the impact of
unexpected information on jumps in the structure of financial
time series. [18]–[21] Detecting such jumps is essential for
asset valuation and risk management, as their presence has
a significant impact on the results of asset valuation models
and hedging strategies, often introducing parameters that are
challenging to estimate [15], [22], [23].

Equation (2) presents the classical form of the short-term
interest rate model with jumps.

dXt = µ (Xt) dt+ σ (Xt) dWt + dJt (2)

Jt represents a Poisson process with a finite number of
jumps, i.e., Jt = ΣNt

i−1γi, where γi denotes the jump size,
and Nt is a Poisson process with intensity λ(Xt).

Works such as [24]–[27] demonstrate that using jump mod-
els enhances the accuracy of the model regarding shock events,
although models do not always manage to identify all events
influencing systematic risk.”

III. METHODOLOGIES FOR ANALYZING THE TEMPORAL
STRUCTURE OF INTEREST RATES

The challenge of accurately forecasting time series has
always been particularly intriguing in the realm of dynamic
system modeling. The significance of this challenge has
spurred numerous studies proposing various statistical, agent-
based, neural network-based, and deep learning-based models.

A. Approaches to Interest Rate Forecasting

In earlier research, a statistical approach based on autore-
gressive models was introduced [28]–[30]. Precisely predicting
values within such dynamic systems using linear models is
practically impossible, as confirmed by Strait, Rosalvo, and
Borenstein [31], who assert that linear systems are poorly
adapted to crisis states.

To address forecasting challenges, approaches utilizing ar-
tificial intelligence and neural networks gained prominence
[32]–[34].

The accuracy of these approaches surpasses contemporary
econometric models. Their advantages include efficiency even
when assumptions about the linearity of time series data
are violated, a small sample size, and the ability to employ
multifactor analysis independent of a single variable [31],
[35]–[37].

Despite their high accuracy and essential properties, these
methods may not always be suitable for explaining causal
relationships between input and output data due to the nature
of the ”black box” construction [38].
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Fig. 2. Mean sMAPE for all models, in Makridakis et al research. [34]

B. Detecting Bifurcation Points in the Temporal Structure of
Interest Rates

The anomaly detection task involves identifying a shift
in the state of a process, which can be detected based on
the description of preceding states. Detecting and assessing
structural or parametric changes in forecasting is a crucial and
challenging task.

In the work of [39], a random forest algorithm is employed
for bifurcation point detection in the states of time series.
While the algorithm demonstrates high accuracy, its quadratic
computational complexity is a significant drawback. Another
approach, proposed in [40], uses two windows moving through
the data sequence. This method is less accurate than the former
but has linear computational complexity.

This problem has also been investigated within a neural
network approach. For instance, in a recent study by [41],
the authors explored the use of Long Short-Term Memory
(LSTM) models along with Noise-Suppressed Autoencoder
(DAE) for predicting points of change in indices. Additionally,
the authors used the classical Pettitt test for change point
detection.

TABLE I
PREDICTED AND REAL VALUES OF THE BIFURCATION POINTS FOR

DIFFERENT MARKET SECTORS IN THE WORK [41]

Sector Predicted Change Point Date (yyyy-mm-dd) Actual Change Point Date (yyyy-mm-dd)
Consumer Discret 2008-06-26 2008-07-01
Consumer Staples 2011-07-25 2011-08-01

IT 2016-06-27 2016-07-01
Health Care 2016-06-24 2016-07-01

In the work of [42], authors proposed a structured model
consisting of three phases:

• Detecting sequential and corresponding structural
changes in the temporal structure of interest rates.

• Using classifiers to forecast groups of structural break-
point points.

• Forecasting interest rates using backpropagation net-
works.

The work of [7] relies on a novel approach to interest
rate forecasting using Vasicek and CIR models with sliding
windows. This approach involves dividing data into parts with

a selected probability distribution, enhancing the calibration
of model parameters, and enabling more accurate predictions
of future rates. The effectiveness of the method is confirmed
across various periods and for different rate structures, includ-
ing complexities of low and negative rates.

In the study by [10], S. Guz, R. Mannella, and M. Sviridov
explored an innovative approach by examining abrupt changes
in states in complex systems influenced by colored noises.
They used unconventional green noise characterized by zero
spectral power density at zero frequency to study catastrophes
in Brownian motion. The authors note that rapid and sudden
trajectory changes are an inherent property of any stochastic
system with a bifurcation regime, easily observed when using
green noise but also present with regular white noise.

IV. MATHEMATICAL MODEL OF INTEREST RATE
ANOMALY

A. Model Formulation

The Vasicek model assumes that the short-term interest rate
follows a stochastic process known as the Wiener process:

dr(t) = k (θ − rt) dt+ σdW (t) (3)

Within the scope of this study, the use of colored noise as
a stochastic component is considered.

dr(t) = k (θ − rt) dt+ σϑ(t) (4)

Here, the process ϑ(t) represents noise with a power spectral
density (PSD) equal to 1/f0, 1/f1, or 1/f2 for white, pink,
and red noise, respectively. The amplitudes and PSDs of these
noises are illustrated in Figure 3.

Fig. 3. Amplitudes and PSDs of colored noises

As noted by Guz, Ruza, and Mannella in their works [10],
[43], the parameter responsible for the noise intensity plays a
significant role in generating series values. The authors argue
that with high parameter values, the series quickly reaches the
transition boundaries, whereas low values require more time
to observe dynamics in the system.

In the Vasicek model, this parameter is denoted as σ and
is calibrated along with others. Since our model involves
replacing the classical stochastic component with correlated
noises, we decided to test different values of σ that satisfy the
conditions of the problem.
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Figure 4 displays the distributions of time between transition
points in the model with pink noise for different σ values. In
the first case, values calibrated by the Vasicek model were
used, and in the second case, the value used in the work by
Guz [10] was employed.

Fig. 4. Distribution of time between transition points for different σ values
with white noise

Fig. 5. Distribution of time between transition points for different σ values
with pink noise

Fig. 6. Distribution of time between transition points for different σ values
with red noise

This confirms Mannella’s findings in [43] that a higher σ
value increases the average time between state changes.

B. Interest Rate Anomaly Detection Criterion

Existing methods for detecting transition points in time
series can be categorized as ”offline” and ”online.” In ”offline”
methods, all data are processed simultaneously, analyzing
all possible changes, while in ”online” methods, data are
processed as they arrive to detect recent changes, without
considering the previous ones.

One of the ”offline” methods is the Pettitt Test, unlike other
methods, it is not a complete algorithm but rather falls into
the category of statistical tests [41], [42], [44], [45].

The Pettitt Test assumes that observations form an ordered
sequence, and initially, the distribution of data has a common
median. However, at some point, a shift occurs, leading to a
change in the mean value. H0 is the null hypothesis, stating
that there are no significant changes in the median in the
complete sequence of observations, and H1 is the alternative

hypothesis, suggesting a change in the mean value at some
point in the sequence.

Fig. 7. Example of the Pettitt test

With the gradually increasing volume of collected observa-
tions, there is a growing need for algorithms to detect changes
in such series. Large volumes imply that the method used
should not only be accurate but also computationally efficient.
Several such algorithms exist, such as binary segmentation,
neighborhood segmentation algorithm, and Pruned Exact Lin-
ear Time (PELT) algorithm discussed in [46].

The binary segmentation algorithm has a computational
complexity of O(n log(n)), where n is the number of ob-
servations. On the other hand, the neighborhood segmentation
algorithm is characterized by significant computational costs,
O(Qn2), where Q is the maximum number of change points,
and n is the number of observations. If the number of
change points increases linearly with the observed data, then
Q = O(n), and computational costs become O(n3) [47].

The PELT algorithm boasts linear computational complex-
ity, O(n). Furthermore, Fore et al. [48] confirm the effective-
ness of PELT in their research compared to other contemporary
methods. The distinguishing feature of PELT is its optimal
balance between result accuracy and computation time. PELT
is based on the optimal partitioning method but includes a
dynamic pruning step, simplifying computations to linear.

Consider a time series of data X = {x1, x2, . . . , xn}
The goal is to find a sequence of change points C =
{c1, c2, . . . , ck} that divides the time series into segments with
different statistical characteristics. The algorithm uses a cost
function to measure the quality of a segment.

Let Sij represent a segment from time i to j (inclusive),
i.e., Sij = {xi, xi+1, . . . , xj}. The cost function cost (Sij)
assesses how well data in Sij can be described by a statistical
model (e.g., normal distribution). A lower cost indicates a
better fit.

PELT maintains an array of cumulative costs C(t), where
C(t) represents the total cost of the optimal segmentation up
to time t. The goal is to find C(t) for all t to then compare
them.

The main idea of PELT lies in efficiently computing C(t).
The formula is as follows:
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C(t) = min
s<t

{C(s) + cost (Ss+1,t) + βpen(m)}

Here:
• s is a potential last change point before t
• Ss+1,t is the segment between change point s + 1 and

time t
• cost (Ss+1,t) is the cost of fitting a suitable statistical

model to the segment Ss+1,t

• βpen(m) is a penalty term to avoid overfitting
This formula calculates the cost of expanding the segment

from the previous change point s to the current time t and adds
it to the cumulative cost C(s) of the optimal segmentation up
to s. The goal is to find s that minimizes this sum.

To make the algorithm more efficient, PELT includes a
pruning step. It is based on the observation that the cumulative
cost C(t) does not decrease as t increases. This allows
excluding certain change points s from consideration if adding
them would increase the cumulative cost at t.

Consider some s such that 0 ≤ s ≤ t:

C(s) + cost
(
y(s+1),t

)
+ β > C(t) (5)

This means that s cannot be an optimal change point given
that s < t. Therefore, s cannot be an optimal point for any
S > t, and it can be disregarded in computations.

After computing the values of C(t), PELT performs back-
ward tracking to find the actual change points. Starting from
the last point, the algorithm determines the change point
ck by comparing the cumulative cost at the last point with
the cumulative cost at the previous change point ck−1. By
iteratively applying the optimal recursive formula, pruning,
and backward tracking, PELT efficiently finds the sequence
of optimal change points that best explain changes in the time
series.

For a more detailed breakdown of the algorithm’s structure,
refer to [46], [47].

V. PROPOSED ALGORITHM

To detect anomalies in the Vasicek model with colored
noises, two models were developed: a neural network model
with long and short-term memory (LSTM) and a classifier
using gradient descent - Catboost. In section 5, we will
examine the structure of both models in detail and then
summarize the analysis, drawing conclusions based on the
obtained results.

The structure of the work is described in the figure below:

A. Vasicek Model with Colored Noise

For the numerical solution of the stochastic differential
equation (SDE), the Euler-Maruyama approximation method
was used. This method was also applied by G. Orlando, R.
Mininni, and M. Buffalo in [7], [49]. The numerical solution
takes the following form:

ri+1 = ri + k(θ − ri)∆t+ σϑi (6)

Fig. 8. Block diagram of proposed research structure

It is essential to note that the general solution uses√
∆tW (t) instead of ϑi, where W (t) is the Wiener process.
To ensure the accuracy of the approximated solution, a

comparison between the analytical solution and the numerical
solution using the Euler-Maruyama method for the classical
model will be discussed, considering different steps ∆t.

B. Generating Correlated Noises
The color of noise can be characterized in the spectrum

1
fα through the parameter α. Various noises and their power
spectral densities (PSD) are presented below, including some
atypical colors used in research [10]:

TABLE II
TYPES OF NOISE AND THEIR POWER SPECTRAL DENSITIES (PSD)

Noise Name PSD
White 1/f0

Pink 1/f1

Red 1/f2

Blue 1/f−1

Violet 1/f−2

For analysis, the following noise types were selected: pink,
brown (red), and white noise, the latter used to model the
original Vasicek model for comparison. Pink noise was chosen
based on assumptions about its natural origin, while red noise
is often considered alongside pink noise due to their similarity
[?], [?].

To generate time sequences for each colored noise, the
numerical solution of the model presented by Kaulakys et
al. [12] was applied. This approach considers a class of
nonlinear stochastic differential equations describing power-
law behavior of PSD across any frequency range. Such SDEs
can be used to obtain 1/fβ noises, and a numerical solution
for them was derived.

Based on previous works that studied 1/fβ signals from the
standpoint of point models, the fundamental SDE is derived:

dx = σ2
(
η − ν

2

)
x2η−1dt+ σxηdW (7)

Here, x represents the signal, η is the exponent of the mul-
tiplicative noise, ν determines the behavior of the stationary
probability distribution, and W is the classical Wiener process.
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Fig. 9. Example of Vasicek model with white, pink, and red noises as
stochastic component.

To limit diffusion exponentially, additional terms are intro-
duced into equation (5):

dx = σ2
(
η − ν

2
+

m

2

(xmin

x

)m

−

m

2

(
x

xmax

)m

)x2η−1dt+ σxηdW (8)

The most crucial aspect for us is the numerical solution of
the SDE under specific parameters, allowing us to generate
1/fβ signals. Utilizing the exponential constraint and solving
equation (5) using the Euler-Maruyama method, we obtain:

dx = σ2

(
1 +

1

2

xmin

x
− 1

2

x

xmax

)
x4dt+ σx

5
2 dW (9)

The same method was applied in the works [?] and [?] for
the analysis of financial and economic systems.

We will explore how the PELT method is applied in our
problem, along with methods to determine the penalty constant
by comparing the optimal number of segments.

C. Integration Step Adjustment

According to the study by R. Mannella [43], regardless of
the solution method, the issue of different trajectories and
paths arises for different ∆t. Building on the work of T. Sauer
[?], the error can be defined as the discrepancy between the
values of the analytical solution and those obtained through
numerical resolution.

To assess the quality and accuracy of the model over
different time intervals, we employ an approach previously
proposed by F. Ereshko [?] and [?].

Specifically, we have defined a statistical criterion for ab-
solute error between theoretical X(T ) and numerical values
ωT , the latter of which will be generated using the Euler-
Maruyama method. The average absolute error will then be
calculated for each ∆t value to derive results and formulate
conclusions.

The analytical solution for the Vasicek model can be ob-
tained for r(t) using Ito calculus [?].

For the solution (1), we attempt to use the solution
f(r(t), t) = r(t)eκt. The Ito lemma implies that:

df(r(t), t) = κr(t)eκtdt+ eκtdr(t)

= κr(t)eκtdt+ eκt[κ(θ − r(t))dt+ σdW (t)]

= κθeκtdt+ σeκtdW (t) (10)

The right-hand side of equation (2) no longer depends on
r(t), and therefore, we can integrate to find expressions for
f(r(t), t). This result is crucial for two reasons. First, we can
integrate over [0, t] to find:

f(r(t), t)− f(r(0), 0) = r(t)eκt − r0 =

∫ t

0

df(r(s), s)

=

∫ t

0

κθeκsds+

∫ t

0

σeκsdW (s). (11)

After some rearrangements, the explicit solution for r(t)
will be:

r(t) = r0e
−κt + e−κt

∫ t

0

κθeκsds

+ e−κt

∫ t

0

σeκsdW (s) (12)

With this explicit solution for r(t), we can compute its mean
and variance. Since stochastic integrals have zero mean, we
get:

E[r(t)] = r0e
−κt + θe−κt

[
eκt − 1

]
=

r0e
−κt + θ

[
1− e−κt

]
=: r0e

−κt + θκΛ(t) (13)

where we defined Λ(t) =
∫ t

0
e−κsds = 1

κ [1 − e−κt].
The long-term mean of this process is: limt→∞ E[r(t)] = θ.
Moreover, according to Ito’s isometry, the process’s variance
is:

Var[r(t)] = σ2e−2κt

∫ t

0

e2κsds =

σ2

2κ

[
1− e−2κt

]
=

1

2
σ2Λ(2t) (14)

Given a time step h, we can integrate (?) over the interval
[t− h, t] to obtain the following expression:

f(r(t), t)− f(r(t− h), t− h) =

∫ t

t−h

df(r(s), s) =

θ
(
eκt − eκ(t−h)

)
+

∫ t

t−h

σeκsdW (s) ⇐⇒ r(t) =

θ
(
1− e−κh

)
+ e−κhr(t− h) + e−κt

∫ t

t−h

σeκsdW (s).

(15)
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The discretized process r(t) follows an AR(1) model with
an intercept of θ[1 − e−κh], an autoregressive coefficient of
e−κh, and an innovation process of e−κt

∫ t

t−h
σeκsdW (s).

r(t) = θκΛ(h) + e−κhr(t− h) + u
(h)
t ,

u
(h)
t

i.i.d.∼ N
(
0, σ2hα(−2κh)

)
(16)

Fig. 10. Examples of interest rate trajectories based on the Vasicek model.

Confirming the idea derived by the authors in [?], the
accuracy of the numerical method increases as the integration
step decreases. Graphs with numerical resolution and approx-
imation for different ∆t values, along with a table of mean
absolute error values, are presented below.

Building on the simulation results, we make the following
claim:

Statement 1.
Assume

• ∆t - integration step
• ϵ - absolute difference
• X(T ) - analytical solution for Vasicek Model
• ω - numerical solution by the Euler–Maruyama

method with ∆t

Then:
ϵ = |ω(∆t)−X(T )|

Assume that ∆t1 ¿ ∆t2, where ∆t1 - is a smaller
integration step.
Then ϵ1 < ϵ2, where ϵ1 - error with ∆t1, ϵ2 - error with
∆t2.
Hence:

lim
∆t→0

ϵ = 0,

the approximation accuracy grows with lower ∆t.

Building on Statement 1, when generating interest rate
structures with colored noises, we will use the same ∆t value
as in generating structures in the original Vasicek model.

Caption: The plot illustrates the absolute difference between
the analytical solution of the Vasicek model and the numerical
solution obtained through the Euler–Maruyama approximation

method. The simulation relies on the assumption that the ab-
solute error tends to zero as the integration step ∆t decreases.

Fig. 11. Examples of interest rate trajectories based on the Vasicek model.

D. Neural Network Models

In this study, two models were employed: a multi-layer
LSTM neural network and a Catboost classifier using gradient
boosting. These models were utilized for predicting transition
points by assigning values of 0 or 1 based on the presence
of anomalies detected by the PELT algorithm. Subsequently,
for each point yi, the preceding 100 values were selected,
i.e., X = {yi−100, yi−99, . . . , yi−1}, and their deltas were
calculated. Thus, the parameters passed to the model are:

X = {yi−100 − yi−101, yi−99 − yi−100, . . . , yi−1 − yi−2}

This results in a training dataset structure of the form:

Y = {y100, y101, . . . , yn} , X = {X100, X101, . . . , Xn} ,

where

Xj = {∆yj−100,∆yj−99, . . . ,∆yj−1}

For each correlated noise, the model is trained on 80
Two key parameters of the model are the ”forecast length”

(P ) and the ”neighborhood of the change point” (η).

VI. RESULTS OF NEURAL NETWORK MODELS

Given the critical importance of assessing the model’s
ability to identify transition points, the results are evaluated
using four key metrics: accuracy, balanced accuracy, recall,
and precision.

Based on the obtained results, it is evident that models
with white noise are incapable of predicting transition points,
whereas both models with colored noise exhibit high accuracy.

Tables 2 and 3 present metric values for different parameter
sets obtained from the results of the LSTM model.
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Fig. 12. An example of detecting change points using the described method
on a white noise model

Fig. 13. An example of detecting change points using the described method
on a pink noise model

Subsequently, the results of the Catboost model are pre-
sented. ROC curves for each noise type are displayed first,
with η = 1.

The results of the Catboost classifier are shown in Table 4:
Ken Jo O and Ingu Han applied a neural network approach

to interest rate time series, achieving relatively satisfactory re-
sults. However, model performance could be further improved,
especially concerning noise and outliers [42].

Models with colored noise demonstrate good overall fore-
casting performance, achieving almost 98

In confirmation of the initial hypothesis, the white noise
model demonstrates almost complete incapability to detect
changing states in both models. Models with pink and red
noises still exhibit decent results. The maximum balanced

TABLE III
RESULTS OF THE LSTM MODEL FOR DIFFERENT VALUES OF PARAMETERS
P AND η. THIS TABLE SHOWS THE ACCURACY AND BALANCED ACCURACY

METRICS FOR DIFFERENT NOISES.

Noise P = 1 P = 3 P = 5
η 1 5 10 1 5 10 1 5 10

Accuracy
White 0.68 0.72 0.77 0.68 0.71 0.75 0.69 0.71 0.73
Pink 0.95 0.94 0.95 0.94 0.94 0.94 0.9 0.91 0.9
Red 0.97 0.97 0.97 0.83 0.83 0.84 0.81 0.8 0.81

Balanced accuracy
White 0.52 0.51 0.52 0.5 0.52 0.51 0.51 0.5 8 0.51
Pink 0.87 0.91 0.95 0.83 0.86 0.89 0.76 0.77 0.8
Red 0.92 0.94 0.98 0.82 0.82 0.83 0.77 0.75 0.76

Fig. 14. An example of detecting change points using the described method
on a red noise model

TABLE IV
RESULTS OF THE LSTM MODEL FOR DIFFERENT VALUES OF PARAMETERS
P AND η. THIS TABLE SHOWS THE PRECISION AND RECALL METRICS FOR

DIFFERENT NOISES.

Noise P = 1 P = 3 P = 5
η 1 5 10 1 5 10 1 5 10

Precision
White 0.41 0.4 0.39 0.39 0.38 0.39 0.4 0.4 0.41
Pink 0.8 0.73 0.68 0.84 0.75 0.67 0.85 0.76 0.66
Red 0.88 0.83 0.79 0.86 0.82 0.77 0.86 0.82 0.77

Recall
White 0.49 0.47 0.44 0.48 0.44 0.43 0.49 0.45 0.43
Pink 0.77 0.84 0.93 0.68 0.76 0.83 0.53 0.58 0.66
Red 0.87 0.92 0.98 0.75 0.78 0.81 0.65 0.65 0.67

accuracy in the Catboost classifier was achieved with η = 5
for red noise, but overall the average value of this metric for
models with correlated noises varies around 86

Next, we assess how well the models identify change points
by examining the recall and precision metrics (Table 3) and
(Table 4). Note that models trained on colored noise can
identify approximately 80

Precision values remain relatively stable, with no significant
deviations observed for different parameter sets, indicating that
models with colored noise effectively identify critical points.
The average value of this metric for the LSTM model varies
around 75

The parameter η strongly influences the accuracy of change
point detection using neural networks, as indicated by the
recall metric, assuming that this approach is effective for im-
plicitly defined transition states. Overall, both models perform
well in the task, but each has its advantages and disadvantages,
which can be addressed by complicating the architecture or
introducing external parameters.

TABLE V
RESULTS OF THE MODEL BASED ON CATBOOST FOR DIFFERENT VALUES
OF THE PARAMETER η. THIS TABLE SHOWS THE METRICS VALUES FOR

DIFFERENT NOISES

Noise η = 1 η = 5 η = 10
η White Pink Red White Pink Red White Pink Red

Accuracy 0.6 0.72 0.73 0.55 0.72 0.75 0.51 0.69 0.76
Balanced Accuracy 0.48 0.84 0.86 0.61 0.87 0.91 0.55 0.86 0.91

Precision 0.46 0.69 0.71 0.52 0.74 0.71 0.50 0.71 0.74
Recall 0.30 0.75 0.77 0.53 0.68 0.87 0.63 0.66 0.86
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Fig. 15. ROC Curve for the Catboost model with white noise.

Fig. 16. ROC Curve for the Catboost model with pink noise.

VII. CONCLUSION

In this study, models based on LSTM neural networks and
Catboost gradient boosting were implemented to detect change
points in the Vasicek model under different parameter sets.
Models with colored noise, particularly pink and red noise,
outperform the benchmark model with white noise across
all key metrics, demonstrating high effectiveness in detecting
transition points. The use of colored noises can enhance the
predictive capabilities of financial stochastic models, similar
to the Vasicek model, aiding in identifying significant changes
in financial time series.

The contributions of the article can be summarized in the
following conclusions drawn from this research:

• Colored noise has a strong impact on bifurcation points
in models with stochastic components.

• Due to the variation in autocorrelation properties across
different noise spectra, the signal-to-noise ratio parameter
in the model changes when using the described colored
noises.

• Experimental results using one of the classical neural
network models show that change points can be predicted
with high accuracy in stochastic models influenced by
colored noise.

• Forecast accuracy is significantly influenced by factors
such as the integration step in the models and the vicinity
of the discontinuity point.

Fig. 17. ROC Curve for the Catboost model with red noise.

• Further research in this area involves the use of more
complex statistical models, such as the Black-Scholes
model. Equally important is conducting similar exper-
iments using natural noise, which may more explicitly
reflect the instability of financial time series.

The findings of this study contribute to the understanding of
the impact of colored noise on financial models and provide
insights into the potential improvement of forecasting financial
time series under different noise conditions. This research
serves as a foundation for future investigations in the field
of financial modeling and prediction.
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